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Abstract
Given an n-by-n normal matrix A having n distinct eigenvalues, we describe a simple
procedure for constructing a defective matrix nearest to A. Our construction requires only
an appropriate pair of eigenvalues of A and their corresponding eigenvectors.
© 2004 Elsevier Inc. All rights reserved.
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1. A construction of nearest defective matrices
An n-by-n matrix is said to be simple if it has n distinct eigenvalues. Let A be an
n-by-n complex matrix with n distinct eigenvalues λ1, . . . , λn. Throughout this note,
we assume that A is normal. For the 2-norm (i.e. the spectral norm) ‖ · ‖2, define
d2(A) := inf{‖A− A′‖2 : A′ is defective}.
An n-by-n matrix is defective if it has fewer than n linearly independent eigenvec-
tors. The main purpose of this note is to describe a construction of a defective matrix
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A′ such that ‖A− A′‖2 = d2(A). Our construction of such an A′ requires only an
appropriate pair of eigenvalues of A and their corresponding eigenvectors. By con-
trast, ifA is non-normal, construction of its nearest defective matrix is a hard problem
whose complete solution is not yet known (see [2–6] and the references therein). For
the rest of this note, set
gap (A) := min
i /=j |λi − λj |/2.
Since A is normal, it follows that for any A′ if ‖A− A′‖2 < gap (A) then A′ is
simple. Consequently d2(A)  gap (A). Although, it is not hard to see that d2(A) =
gap (A), however, construction of a defective matrix A′ such that ‖A− A′‖2
= gap (A) is not obvious. The following result tells us how to proceed.
Lemma 1. Let B be an n-by-n complex matrix and z0 ∈ C. Suppose that B − z0I
has a pair of normalized left and right singular vectors u and v corresponding to its
smallest singular value σn such that u∗v = 0 and that σn /= 0. Set B ′ := B − σnuv∗.
Then z0 is a defective eigenvalue of B ′ and ‖B − B ′‖2 = σn.
Proof. By construction B ′v = z0v and u∗B ′ = z0u∗. Hence u and v are unit left and
right eigenvectors of B ′ corresponding to the eigenvalue z0. Since u∗v = 0, z0 is a
multiple eigenvalue of B ′. But rank (B ′ − z0I ) = rank (B − z0I − σnuv∗) = n− 1
because u and v are left and right singular vectors of B − z0I corresponding to
σn. Hence the geometric multiplicity of z0 is one. Consequently, z0 is a defective
eigenvalue (i.e. its algebraic multiplicity is bigger than its geometric multiplicity)
of B ′. 
Thus once an appropriate z0 is known, Lemma 1 provides a nearest defective
matrix. Since A is normal, our main result given in Theorem 2 shows that z0 can be
taken to be the midpoint of a pair of eigenvalues (λi, λj ) of A such that |λi − λj | =
2 gap (A).
Theorem 2. Let A be a complex n-by-n normal matrix with n distinct eigenvalues
λ1, . . . , λn and the corresponding unit eigenvectors x1, . . . , xn, respectively. Sup-
pose that the eigenvalues λi and λj are such that |λi − λj | = 2 gap (A). Define
A′ := A− (λi − λj )
4
(xi − xj )(xi + xj )∗
and
A′′ := A− (λi − λj )
4
(xi + xj )(xi − xj )∗.
Then A′ and A′′ are defective and d2(A) = gap (A) = ‖A− A′‖2 = ‖A− A′′‖2.
Proof. Recall that d2(A)  gap (A). Let z0 := (λi + λj )/2. Since A is normal,
the singular values of A− z0I are absolute values of its eigenvalues. Thus σn :=
|λi − λj |/2 is the smallest singular value of A− z0I. Now, setting
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v1 := xi + xj√
2
sign(λi − λj ), v2 := xi − xj√
2
sign(λi − λj ),
u1 := xi − xj√
2
, u2 := xi + xj√
2
,
where sign(z) = z/|z|, it is easily seen that uk and vk are unit left and right singular
vectors of A− z0I corresponding to σn and that u∗kvk = 0, k = 1, 2. Therefore,
by Lemma 1, A′ and A′′ are defective. Hence d2(A) = gap (A) = |λi − λj |/2 =
‖A− A′‖2 = ‖A− A′′‖2. 
Remark 3
(a) It is easy to see that the matrices A′ and A′′ are unitarily similar. Since A′xk =
λkxk for all k /= i, j , A′ has only one multiple (in fact, defective) eigenvalue and
the multiplicity is 2.
(b) There are infinitely many defective matrices nearest to A. For example, B :=
A′ + αkxkx∗k , for all k /= i, j and |αk| < d2(A), is a defective matrix nearest to
A.
(c) The smallest perturbation of A required to induce a triple eigenvalue is strictly
bigger than d2(A). In other words, the distance from A to the nearest matrix
having a triple eigenvalue is strictly bigger than d2(A).
(d) For the Frobenius norm (‖A‖F := (trace(A∗A))1/2), let dF (A) denote the dis-
tance from A to the set of defective matrices. Since A′ − A and A′′ − A are
rank one matrices, their Frobenius norms are the same as their 2-norms. Thus
dF (A) = d2(A).
It follows that if B is defective and ‖A− B‖2 = d2(A) then 1  rank(A− B) 
n− 1. By contrast, if A′ is defective and ‖A− A′‖F = dF (A) then A′ − A is a rank
one matrix. Indeed, d2(A)  ‖A− A′‖2  ‖A− A′‖F = dF (A) = d2(A) implies
that A− A′ has rank one. More generally, we have the following result whose proof
is easy and can be found in [1].
Theorem 4. Suppose that ‖A− A′‖F = dF (A). If A′ has a multiple eigenvalue z0
then the following holds:
(a) z0 is a defective eigenvalue of algebraic multiplicity 2. Further, there is a pair
of eigenvalues λi and λj of A such that z0 = (λi + λj )/2 and σn = |λi − λj |/2,
where σn is the smallest singular value of A− z0I.
(b) A′ is of the form A′ = A− σnuv∗, where u and v are unit left and right singular
vectors of A− z0I corresponding to σn such that u∗v = 0. Also, u and v are
unit left and right eigenvectors of A′ corresponding to z0.
Thus, in view of the above results, for the Frobenius norm, the defective matri-
ces nearest to A are of the form as given in Theorem 2. With the notations of
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Theorem 2 and its proof, if u and v are unit left and right singular vectors of A− z0I
corresponding σn such that u∗v = 0 then u = (αxi − βxj )/
√
2 and v = sign(λi −
λj )(αxi + βxj )/
√
2 for some |α| = 1 = |β|. Thus replacing xi and xj in Theorem 2
by αxi and βxj with |α| = |β| = 1, we have two families of defective matrices
nearest to A. However, it is easily seen that all these matrices are unitarily similar.
So, up to unitary similarity, there is one defective matrix associated with each pair of
eigenvalues (λi, λj ) such that |λi − λj | = 2 gap (A). Therefore, if there are m such
pairs then, for the Frobenius norm, there are essentially 2m defective matrices nearest
to A.
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